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Ranking systems intro 
�  In social theory a set of  agents/voters are called to 

rank set of  alternatives; 

�  Given individual preference, social ranking of  
alternatives is generated; 

�  Theory studies desired properties (PE, IIA, …) of  
aggregation of  agents’ ranking into a social ranking; 

�  Page ranking is a special setting of  social ranking 
where set of  agents and set of  alternatives coincide; 
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PageRank 
�  Made Google exist (and flourish); 

�  Set of  agents vote for each other by having URL links (point 
to each other); 

�  Note: this complies with our early definition of  the “game” 
�  Set of  agents: pages themselves; 

�  Set of  actions: “link to”; 

�  Outcome (payoffs): relative ordering of  pages; 

�  Setting is slightly different 
�  Credibility of  votes 
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Fun Game 
�  Free dinner ticket for Green College tonight is 

limited (say it is only N/3); 

�  Kevin wants to be fair and give it to those whom 
“society” ranks highest; 

�  Vote for 1 or 2 “deserving” people in the class 
�  Criteria: friend, working hard, look hungry and etc. 
�  Please do not vote for yourself  J 

�  In a given paper, put your name and max 2 other 
names, whom you want to award the ticket. 
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PageRank algorithmic PageRank representation PageRank coincidence  Recap 
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MyRank vs. PageRank 
�  MyRank ranks vertices in G in ascending order of  

the number of  incoming links. 
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MyRank(G):    A=B<C 
 
PageRank(G): A=C>B 

G 

A B 

C 



Define PageRank 

PageRank algorithmic PageRank representation PageRank coincidence  Recap 
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Are definitions “interesting”? 
�  Pros 

�  Defines powerful heuristics for the ranking of  Internet pages; 
�  Adopted “as-is” by Google’s search engine; 
�  Computationally efficient; 

�  Cons 
�  Numeric procedure; 
�  Does not really talk about “ranking system properties” 

�  Recall Arrow’s powerful and beautiful axiomatic theorem 

�  Can we come up with axioms for ranking system? 
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Axioms – Isomorphism  

Intuition: Ranking is independent of  vertex names; 
Consequence: symmetric vertices have the same rank. 
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Axioms – Self  Edge  

Intuition: Page can increase its rank by linking to itself,  
but relative ranking of  everything else remains unchanged. 

a b 

a ≤G b 

a b 

a <G’ b 

G G’ 
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Axioms – Vote by Committee   

Intuition: The importance a is providing for b and c should not 
change due to the fact that a assigns his power through committee.  
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Axioms – Collapsing  

Intuition: If  a and b gets vote from disjoint agents and their  
successors coincide, collapse of  a to b should not change relative  
ordering of  other pages. Neither a nor b had the self  edge.  
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Axioms – Proxy  

Intuition: pages that link to x could pass directly the importance  
to pages that x link to, without using x as a proxy for distribution. 
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PageRank with axioms 
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Properties – Del(.,.) 

Notes: |P(b)| = |S(b)|=1;  
There is no direct edge between a and c.  

PageRank algorithmic PageRank representation PageRank coincidence  Recap 

Ranking Systems Nodir Kodirov 



Properties – Delete(.,.,.) 

Notes: 
- Nodes in P(x) have no 
other outgoing edges. 
- x has no other edges. 
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Properties – Duplicate(.,.,.) 

Notes: All successors of  a duplicated the same number of  times. 
There are no edges from S(a) to S(a). 
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PageRank coincidence  
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Conclusion 
�  Connects algorithms and Internet technologies to 

the mathematical theory of  social choice; 

�  Sets axiomatic foundation to ranking systems  
�  opens venue to define other ranking systems 

axiomatically and evaluate (perhaps compare) their 
properties; 

�  difficult (if  not impossible) to do in algorithmic 
(computational) representation; 
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Recap 
�  Introduction to ranking systems 

�  Special setting of  social choice, agents and 
alternatives coincide 

�  PageRank 
�  Computation and axiomatic 
�  Properties which axioms guarantee 

�  PageRank coincidence 
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Thank you! 
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Define Ranking System 
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PageRank satisfies SelfEdge 
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Proof  sketch 
�  Define SCDG G=(V,E) and a,b in V;  

�  Eliminate all other nodes in G while preserving the 
relative ranking of  a and b; 

�  In the resulting graph G’ the relative ranking of  a 
and b given by the axioms can be uniquely 
determined;  

�  Therefore the axioms rank any SCDG uniquely. 

�  It follows that all ranking systems satisfying the 
axioms coincide. 
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